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Abstract. Let X C P n be a linearly normal elliptic curve. For any P £ P n 
the A-rank of P is the minimal cardinality of a set S C X such that P 6 (S). 
Here we give an almost complete description of the stratification of P n given 
by the A-rank. 



Fix an integral and non-degenerate variety X C P™. For any P £ P" the X- 
rank rx{P) of P is the minimal cardinality of a subset Scl such that P 6 (5), 
where ( ) denote the linear span. The X-rank is an extensively studied topic (|S], 
[5], [I] and references therein). In the applications one needs only the cases in 
which X is either a Veronese embedding of a projective space or a Segre embedding 
of a multiprojective space. We feel that the general case gives a treasure of new 
projective geometry. Up to now only for rational normal curves there is a complete 
description of the stratification of P™ by X-rank ([7], [8], Theorem 5.1, [4]). Here 
we look at the case of elliptic linearly normal curves. For any integer t > 1 let 
(Tt(Y) denote the closure in P™ of all (t — l)-dimensional linear spaces spanned 
by t points of Y. Set a (Y) = 0. For any P € P™ the border X-rank b x (P) 
is the minimal integer t > 1 such that P € c t (X), i.e. the only positive integer 
£ such that P £ \ cr t _ 1 (A"). If (as always in this paper) Y is a curve, 

then dim(cr t (F)) = min{n, 2t - 1} for all t > 1 Remark 1.6). Notice that 
rx(P) > bx(P) and that equality holds at least on a non-empty open subset of 
a t {X) \a t _i(X), i := 6*(P). Obviously 6 X (P) = 1 <=> P e X <f=> r x (P). 
Thus to compute all X-ranks it is sufficient to compute the X-ranks of all points 
of P™ \ X. In this paper we compute it for the linearly normal elliptic curve. We 
prove the following result. 

Theorem 1. Let X C P™, n > 3, be a linearly normal elliptic curve. Fix P G 
P n \ X and set w := b x (P)- We have 2 < w < [(n + 2)/2j . Assume n > 2w. 
Then either r x (P) — w or r x (P) = n + 1 — w and both cases occurs for some 
P€a w (X)\a w -i(X). 

The inequalities 2 < w < [(n + 2)/2\ in the statement of Theorem Q] are obvious 
(PQ, Remark 1.6). The case w = 2 and arbitrary n was settled in [4], Theorem 
3.13. Theorem Q] leaves partially open the cases n — 2w — 1 and n = 2w — 2. If 
n = 2w — 1, then we may have r x {P) = w and r x (P) > w + 1 (see Propositions [3] 
and [2]), but we are not able to rule out the case r x (P) — w + 2. If n = 2w — 2 we 
are in the dark. The case n = 3 is contained in [9] (here we have r x (P) < 3 and 
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in characteristic zero to get this inequality it is sufficient to quote [8], Proposition 
4.1). 

We work over an algebraically closed field K such that char(K) = 0. This 
assumption is essential in our proofs, mainly to quote [6], Proposition 5.8, which is 
a very strong non-linear version of Bertini's theorem. 

1. Preliminary lemmas 

In this paper an elliptic curve is a smooth and connected projective curve with 
genus 1. 

The following lemma and its proof is just a reformulation of [2], Lemma 1. 

Lemma 1. Let Y C P r be an integral variety. Fix any P G P r and two zero- 
dimensional subschemes A, B of Y such that A =/= B , P G (A), P G (P), P ^ {A') 
for any A 1 g A and P £ (B') for any B' C B. Then h 1 ^ ,T A ub{1)) > 0. 

Proof. Since A and B are zero-dimensional, we have the inequality h 1 (¥ r ,I A \jb(X)) > 
max{/i 1 (P n ,lA(l)),/i 1 (F r ,X B (l))}. Thus we may assume /i 1 (P r ,2 y i(l)) = 
/i 1 (P r ,X s (l)) = 0, i.e. dim«A}) = deg(A)-l anddim((P)) = deg(P)-l. Set D := 
AC\B (scheme-theoretic intersection). Thus deg(AUB) = deg(A)+deg(P) — deg(P). 
Since D C A and A is linearly independent, we have dim((P)) = deg(P>) — 1. 
Since h 1 ^ ,1 AUB (1)) > if and only if dim((A U B)) < deg(A U B) - 1, we get 
h l {W,l A yj B {l)) > if and only if (D) g (A) n (B) Since 4 ^ B, D C A. Hence 
P i{D). Since P G (A) n (B), we are done. □ 

Notation 1. Let C C P n be a smooth, connected and non-degenerate curve. Let 
/3(C) be the maximal integer such that every zero-dimensional subscheme of C with 
degree at most f3(C) is linearly independent. 

Proposition 1. Fix an integer k < [f3(C)/2\ and any P G <7fc(C) \<7fc_i(C). Then 
there exists a unique zero- dimensional scheme Z C C such that deg(Z) < k and 
P G (Z). Moreover deg(Z) = k and P £ (Z') for all Z' C Z. 

Proof. The existence part is stated in [3], Lemma 1, which in turn is just an adap- 
tation of some parts of the beautiful paper [5] ([5], Lemma 2.1.6) or of [4], Proposi- 
tion 11. The uniqueness part is true by Lemma [Hand the definition of the integer 
(3{C). ' □ 

Remark 1. Let X C P" be a linearly normal elliptic curve. 

(i) Since X is projectively normal, the cohomology of line bundles on X gives 
/3(X) = n and that a zero-dimensional scheme Z C X such that deg(Z) = n + 1 is 
not linearly independent if and only if Z G |0x(l)|- 

(ii) Fix zero-dimensional schemes A,BcX such that deg(A)+deg(P) = n+1. 
If O x (A + B) ^ O x (I), then the degree n + 1 divisor A + B (different from A U B 
if A n P ^ 0) is linearly independent and (A) n (P) = (A n P) (scheme-theoretic 
intersection). Hence P does not evince rx{P) for any P G (A) n (P), unless 
BDA = B, i.e. PC A. If O x (A + P) = thendim«A)n(P)) = deg(ylnP). 

(iii) Fix zero-dimensional schemes A, B <Z X such that deg(A) + deg(P) < n, 
and (^4) n (P) ^ 0. Fix any P e (A) D (B). Since A U P is linearly dependent, 
Lemma [1] implies that at least one among the schemes A and P, say ^4, has a proper 
subscheme A' such that P G {^4'}- Take as A' a minimal such subscheme. Thus 
P ^ A" for any A" g A'. Apply the same trick to A' and P. We get A 1 C P. At 
the end we get (A) n (P) = {An B). Thus if P evinces r x (P), then P C A. 
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Fix any non-degenerate variety X C P™. For any P € P" let S(X, P) denote the 
set of all 5* C X evincing rx(P), i.e. the set of all S C X such that = rx(P) 
and P G (5). Notice that every S G <S(X, P) is linearly independent and P ^ (S") 
for any S' £ 5. Now assume that X is a linearly normal elliptic curve. Let Z(X, P) 
denote the set of all zero-dimensional subschemes Z C X such that deg(Z) = bx(P) 
and P G (Z). Lemma [3] below gives Z(X,P) ^ 0. Fix any Z G Z(X,P). Notice 
that Z is linearly independent (i.e. dim((Z)) = deg(Z) — 1) and P £ (Z 1 ) for any 
subschemc Z' 5 Z. 

Lemma 2. Let X C P'\ n > 3, 6e a linearly normal elliptic curve. Fix P G P n . 
Then either b x (P) = r x (P) or r x (P) + 6 X (P) > n + 1 - o x (P). 

Proof. Assume bx(P) < fx(P)- Fix W evincing bx(P) and S evincing r x (P). 
Assume jj(5) + deg(PF) < n. Thus S U W is linearly independent (Remark [1]), i.e. 
(5) n (W) = (W n S). Since S is reduced, while W is not reduced, WHS ^W. 
Thus 6x(P) < deg(M / n S) < b x (P), a contradiction. □ 

Lemma 3. Let X C P™, n > 3, 6e a linearly normal elliptic curve. Fix a positive 
integer w such that 2w < n + 1 . fix FgF™ and assume the existence of a zero- 
dimensional scheme Z C X such that deg(Z) = w, P G (Z), while P (Z') for all 
Z' C Z. Then b x (P) = w. 

Proof. Assume bx{P) < w and take a scheme B £ Z(X, P) (Proposition [1]). Hence 
P G (B) and deg(P) < w - 1. Since deg(Z) + deg(P) < n, Z U P is linearly 
independent. Thus (Z)n(B) = (ZDB). We have P G (Z)n(P). Since deg(P) < to, 
we have ZnB Q Z. Hence P ^ (ZDB), a contradiction. The converse part follows 
from Proposition [TJ part (i) of Remark [3] and the inequality 2w < n + 1. The last 
assertion follows from the first part using induction on the integer bx(Q). Q 

2. Proofs and related results 

Proposition 2. Fix an integer k > 1, a linearly normal elliptic curve C C P 2fc+1 
and P G P 2fc+1 \cr fc (C). 

faj Either $(Z(C,P)) < 2 or Z{C,P) is infinite. We have Z 1 DZ 2 =9 and 
O c {Zi + Z 2 ) = O c (l) for any Z U Z 2 G Z(C,P) such that Z 1 ^ Z 2 . 

(b) Ifj(Z(C,P)) ^ 2, then O c {2Z) * O c (l) /or aZZ Z G Z(C,P). 

(c,) If Z(C, P) is infinite, then its positive-dimensional part V is irreducible and 
one- dimensional. Fix a general Z G T. Either Z is reduced or there is an integer 
m > 2 such that Z = mS\ for a reduced S\ C C such that (j(S'i) = (k + l)/m. 

('dj Por general P we have |J(Z(C, P)) = 2. 

Proof. Since no non-degenerate curve is defective ( pQ , Remark 1.6), we have o~k+i (C) = 
P 2fc+1 and dim(cr fc (C)) = 2k - 1. Thus 6 C (P) = k + 1. Proposition Q] and part (i) 
of Remark Q] give Z(C,P) 7^ 0. Fix Z X ,Z 2 G Z(C,P) such that Zi ^ Z 2 . Part (ii) 
of Remark Q] gives 0c(Zi + Z 2 ) - Cc(l) and Zi n Z 2 = 0, proving part (a). 

(i) Let J(C, . . . , C) c C k+1 x P 2fe+1 be the abstract join of k + 1 copies of C, 
i.e. the closure in C fc+1 x P 2fc+1 of the set of all (Pi, ... , Pt+i, P) such that P ^ P, 
for alii ^ j, Pi, ... , Pfe+i is linearly independent and P G ({Pi, ■ ■ ■ , Pfe+i}). Since 
o"fe + i(C) = P 2fe+1 5 for general P the set Z(C,P) is finite and its cardinality is 
the degree of the generically finite surjection J(C, . . . , C) — > P 2fc+1 induced by the 
projection 

C k+i x P 2fe+i _j. P 2fc+i_ Assume the existence of schemes Z 1 ,Z 2 ,Z 3 G 
Z(C,P) such that ^ Zj for all i / j. Part (a) gives Z; n Zj ; = and O c (Zi + 
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Zj) = O c {l) for all i ^ j. Taking i = 1 and j £ {2,3} we get O c {Z 2 ) = O c {Z 3 ). 
By symmetry we get O c (Z) O c {Zi) for all Z £ Z(C,P). Since O c (Zi + Z 2 ) = 
O c (l), we also get O c (2Z) = O c (l)foi all Z G -Z(C, P). 

(ii) Now assume tt(Z(C,P)) = 1, sayZpf,P) = {Z}. Fix any E £ \O c (l)(-Z)\. 
Since E+Z is contained in a hyperplane, we have (Z)n(E) / 0. Part (ii) of Remark 
□ gives dim((Z)n<P» = deg(ZnP). Set J := {(Q,P) £ <Z) x |0 C (1)(-Z)| : Q G 
(E)}. We just saw that J is a complete projective set. For dimensional reasons the 
projection of (Z) x \Oc{Y){— Z)\ into its first factor induces a dominant morphism 
u : J -> (Z). Since J is complete, there is E G |0c(l)(--^)| such that u(P) = Z. 
The uniqueness of Z gives E = Z. Thus 2Z G |Oc(l)|- Since the set of all Z C X 
such that 2Z G |Oc(l)| has dimension k + 1, we get §(Z(C, P)) = 2 for a general P, 
proving part (d). Since this integer is the degree of a generically finite surjection 
7 : J(C, . . . , C) -> P 2fc+1 and P 2fc+1 is a normal variety, either |j P)) < 2 or 
Z(C,P) is infinite. 

(iii) Now assume that -Z(C, P) is infinite. Since any two different elements of 
Z(C, P) are disjoint (see step (i)), for a general A G C there is at most one element 
of r containing A. Thus dim(r) = 1 and Y is irreducible. Since a general point of 
C is contained in a unique element of T, the algebraic family Y of effective divisors 
of C is a so-called involution ( (>., §5). Since any two elements of Y are disjoint, this 
involution has no base points. Let Z be a general element of Y. Either Z is reduced 
or there is an integer m > 2 such that Z = mS with S* reduced ([6], Proposition 
5.8), concluding the proof of part (c). □ 

Proof of Theorem\7\ For any integer k > such that ak-i(X) ^ P™, we 
have rx(Q) = k for a general Q G ak{X). Thus for arbitrary «; < [(n + 2)/2j 
there are points P such that rx(P) = °x(P) = if. Fix w < n/2, P and W such 
that bx(P) — w, and rx{P) > w. Lemma [5] gives rx(P) > n + 1 — w. Hence to 
prove Theorem Q] it is sufficient to prove rx(P) = n + I — w. Fix W G Z(X,P). 
Set B := {Z + W} Zel0x(1){ _ 2W)l . Thus B := {B £ |O x (l)(-W)| : W C B}. Set 
5 := {Z £ \O x (l)(-W)\ : P £ (Z)}. Since deg(O x {l)(-W)) = n + 1 - w < n, 
every element of \Ox(l)(— W)\ is linearly independent. However, in the definition 
of the set S we did not prescribed that P £ (Z') for all Z' g Z. Thus B C 5. Part 
(i) of of Remark [T]and the inequality rx(P) > n + 1 — w give that rx(P) = n+l—w 
if and only if there is a reduced S £ S. 

(a) Here we prove that B ^ S. Fix a general subset £cl such that tt(P) = 
n — 2w — l. Since n > 2w + 1 , we have P ^ . Thus for a general P the degree w line 
bundles Ox(W) and Ojf (1)(-H / — E) are not isomorphic. Thus to get B ^ 5 it is 
sufficient to prove the existence of a degree w zero-dimensional subscheme Ae of 
X such that E + 4 £ e5. Let 1 {E) : P" \ (P) -> P 2 "^ 1 denote the linear projection 
from (P). Call X B C P 2 "" +1 the closure of i {E )\{X \ (P) n X) in F 2w+1 . Since X 
is non-degenerate, Xe spans p 2u, + 1 . Since X is a smooth curve, the rational map 
£(E)\(X\(E)tlX) extends to a surjective morphism ip : X — > Xe- Since every degree 
n — 2w + 1 zero-dimensional subscheme of X is linearly normal, P is the scheme- 
theoretic intersection of X with (P). Thus deg(Xg) ■ deg(^) = deg(X) — deg(P) = 
n + 1 — n + 2w + 1 = 2w + 2. Hence deg(Xg) = 2w + 2 and deg(^) = 1. Since 
deg(^) = 1, Xe and X are birational. Thus Xe is a linearly normal elliptic curve. 
Since X and Xe are smooth curves, ifj 1S an isomorphism. Since (P) <~) X = E (as 
schemes), we have ip*(Ox B (l)) = O x (l)(-E). Set W := if>(W). For general P we 
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may assume E n W = 0. Thus W is a degree w subscheme of Xe isomorphic as 
an abstract scheme to W. Hence W is not reduced. Fix W\ 5 W and call Wz the 
only subscheme of W such that ^(Wa) = W\. Since W' is linearly independent, 
£/e)\(W) — > (W) is an isomorphism. Since ^/e)|W — ip\W is an isomorphism onto 
W and P £ (W 2 ), we get £ {E) {P) <£ (Wi). Since this is true for all Wi g W, 
Lemma [3] gives that W evinces the border X^-rank of the point l/ E \(P). Our 
choice of E implies Ox E {2W) ^ Ox E {l)- Hence part (b) of Proposition [5] gives 
the existence of a unique scheme A C Xe such that A ^ W' and £/^\(P) e (A). 
Set A E := ^(A), Since ECiW = and deg( J 4 B ) = deg(W), to prove E + A E B 
it is sufhcient to prove ^4^ 7^ W, i.e. (since -0 is an isomorphism) W' 7^ A. We 
chosed A^W. Call X[n - 2io - 1] the set of all E for which E + A E is defined. 

(b) Let r C S be any irreducible component of S containing the irreducible 
algebraic family {E + Ae} E ^x[n-2w-i\ constructed in step (a). Let Fbea general 
element of T. Remember that to prove rx(P) = n + 1 — w it is sufficient to 
find a reduced S G F. T is an irreducible algebraic family of divisors on X. We 
have dim(L) = n — 2w — 1. By construction for a general E C X such that jt(2?) = 
n — 2w— 1 there is Be € T such that J5 C For general E we have (S)n(VF) = 0. 
Since P ^ (J5), the scheme £(e)(W) is isomorphic to W, P € (£{e)(W)) and 
P £ (W) for any W g £ (£> (VF). Lemma H gives ^ <jB) (P) ^ f7)fe(X B ) for general 
E. For general E the degree 2fc + 2 line bundles O x {2W) and )(-£?) are 

not isomorphic. Thus part (b) of Proposition [2] applied to the curve Xe, the point 
£{E)(P) and the scheme Z :— £/e)(W) gives that such a divisor Be is unique. Thus 
r is an involution in the classical terminology ([6], §5). Assume for the moment 
that r has no fixed component. We get that either F is reduced (and hence parts (i) 
and (ii) of Theorem [T] are proved for P) or there is an integer m > 2 such that each 
connected component of F appears with multiplicity m ([5], Proposition 5.8). Since 
F = E + Ae with E reduced and (t(-E) > deg(As) this is absurd. Hence we may 
assume that V has a base locus. Call D the base locus of T. Thus the irreducible 
algebraic family T(—D) of effective divisors of X has the same dimension and it is 
base point free. We have F = D + F' with F' general in F(—D). Since T(—D) is an 
involution without base points and whose general member has at least one reduced 
connected component (a connected component of E), its general member F' is 
reduced ([6], Proposition 5.8). Since D has finite support and F' is general, we also 
have F'nD = 0. Fix O e D red . We have O £ (W), because deg(WL){0}) =w + l 
and every degree w + 1 subscheme of X is linearly independent. Let E\ be the 
union of O and n — 2w — 2 general point of A" (if m = 2io + 2, then i?i = {O}). 
Since O ^ (W) and X is non-degenerate, we have (W) H (JSi) = 0. Thus the 
point £(e 1 ){P) is contained in the linear span of the degree iu subscheme £(Ex){W) 
of the linearly normal elliptic curve Xe 1 C P 2iu + 2 , but not in the linear span of 
any proper subscheme of it. Since any degree 2w + 1 subscheme of Xe 1 is linearly 
independent, we get bx El (£(E 1 )(P)) = w + 1. Since O is a base point of T, we 
also get a one-dimensional family V of distinct degree w + 1 subschemes of 
such that £^e 1 ){P) is in the linear span of each of it. Part (a) of Proposition [5] 
gives that these schemes are pairwise disjoint. Hence deg(-D) = 1 and D = {0} 
(as schemes). Since E + Ae has at least deg(£aj points with multiplicity one, at 
least one connected component of the general element F 1 of T' is reduced. Since 
F' is a general element of the base point free involution T(—D), F' is reduced ([5], 
Proposition 5.8). Since any degree n divisor of X is linearly independent, we have 
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(E\) n X = Ei (scheme-theoretic intersection). Since V has no base points, we 
may also assume that F' n (Xe x \ ^(e x )(X \ Ei)) = 0. Hence the counterimage F" 
of F' in X is disjoint from Ei, Thus F" U Ei is reduced. Since P e (F" U we 
get rx(P) < n + 1 — w. 

A side remark. In the case n > 2w — 1 we may even prove D = 0. Indeed, 
assume D ^ and fix O € D re d- Since n — 2w > 1, in the previous construction 
we have Ei ^ 0. Since we may choose Ei general after fixing both W and O, we 
get O x (2W + O + Ei) ^ O x (l), contradicting part (b) of Proposition [2j □ 

Proposition 3. Fix an integer k > 1 and a linearly normal elliptic curve X C 
F 2k+1 . Then there are Q,P £ P 2fc+1 such that b x (Q) = b x {P) = r x {Q) = k + 1 
and r x (P) > k + 2. The set of all such points Q contains a non-empty open subset 
o/P 2fc+1 , while the set of all such points P contains a non-empty algebraic subset 
of codimension 2 of P 2fe+1 . 

Proof. Since a k+ i(X) = P 2k +\ while dim(a k (X)) = 2k - 1 ([I], Remark 1.6), we 
may take as Q a general point of P 2fc+1 . Now we prove the existence of points 
P e P" such that r x (P) > b x (P) = k + 1 and that the set of all P such that 
b x (P) = k + 1 < r x (P) contains a codimension 2 subset of P 2fc+1 . Let U be the set 
of all degree k + 1 schemes Z\ C X such that Z\ is unreduced and 2Zi ^ |Ox(l)|. 
The set U is a quasi-projective integral variety of dimension k + 1. Fix any Zi G W. 
Let V(Zi) denote the set of all unreduced Z 2 £ \O x (l)(-Zi) \ such that Z 2 nZi =0. 
The set V(Zi) is a quasi-projective and integral variety of dimension k. Since 
Zi nZ 2 = 0, Remark [T] shows that (Zi) n (Z 2 ) is a single point, Q. If 6x(Q) = k + 1, 
then Z(X,Q) = {Z U Z 2 }, because O x (2Z x ) ^ Ox(l) (Part (b) of Proposition [2]) . 
Since neither Zi nor is reduced, we get rx(Q) > fc + 1. Varying Z 2 for a fixed 
Zi the set of all points Q obtained in this way covers a non-empty open subset of 
an irreducible hypersurface of (Z x ). Assume b x (Q) < k. and fix W € Z(X,Q). 
Notice that P £ (W) for any W g W. Since deg(W) + deg(Zi) < n, Lemma [T] 
and Remark Q] give the existence of Z' 5 Z such that Q £ (-^')- Iterating the trick 
taking Z' and W instead of Zi and W we get W Q Z' and hence W C Zi Making 
this construction using Z 2 and W we get W Q Z 2 . Since Zj n Z 2 = 0, we obtained 
a contradiction. □ 
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